In 1988 A. Gutek proved that there exist one-point connectifications of hereditarily disconnected spaces that do not have the fixed point property. We improve on this result by constructing a one-point connectification of a totally disconnected space without the fixed point property. © 2006 Elsevier B.V. All rights reserved.
We restrict our considerations to separable metric spaces. A space is called hereditarily disconnected if every component is a singleton and totally disconnected if every singleton is an intersection of clopen sets. A point p in a connected space X is called a dispersion point of X if X \{p} is hereditarily disconnected. We call p an explosion point if X \{p} is totally disconnected. A space X is said to have the fixed point property if every continuous map f : X → X has a fixed point, that is, a point x ∈ X with f (x) = x. The issue of the connection between dispersion points and the fixed point property was originally raised by Cobb and Voxman [1] . Katsuura [4] proved that there exist nonconstant maps that can move dispersion points and Gutek [3] showed that there exist dispersion point spaces without the fixed point property. The examples in [1, 4, 3] are based on the Knaster-Kuratowski fan [5] and consequently the dispersion points in these examples are not explosion points. We present the following result.
Theorem 1. There is a one-dimensional connected space without the fixed point property but with an explosion point.
The remainder of this note is devoted to the construction of the example. Let I be the interval [0, 1] with the euclidean topology. We have N = {1, 2, . . .} and ω = {0} ∪ N. If f : X → X is a function then we let f 0 be the identity on X and f n+1 = f • f n for n ∈ ω.
We define the function σ : I → I by 
Observe that the fibres of σ are all countably infinite, in particular,
Let S be the set [0, 1] with the topology that is generated by the functions σ n : S → I, for n ∈ ω. In other words, the formula h(t) = (σ 0 (t), σ 1 (t), σ 2 (t), . . .) defines an imbedding of S in the Hilbert cube I ω . Clearly, σ : S → S is a continuous map.
Claim 2. S is a one-dimensional connected space.
Proof. For n ∈ N we let ξ n : I ω → I n be the projection that is given by ξ n (x) = (x 0 , x 1 , . . . , x n−1 ). Note that dim S 1 because h(S) is an inverse limit of the spaces ξ n (h(S)), each of which is a countable union of arcs and singletons; see [2, Theorems 1.5.3 and 4.1.22].
Let A and B be two disjoint nonempty open subsets of S such that A ∪ B = S. Let F = A ∩ B in I and note that F is nonempty. Define
and note that C is countable because σ has only countable fibres. We show that F ⊂ C. Let t / ∈ C so σ n (t) > 0 for each n ∈ ω. Thus every σ n : I → I is continuous at t. We may assume by symmetry that t ∈ A. Since A is open in S there exists an ε > 0 and a k ∈ ω such that
is contained in A. Note that U is a neighborhood of t in I and hence t / ∈ F . Observe that F is a nonempty countable compact subspace of I thus it contains an isolated point t by the Baire Category Theorem. Since σ (1) = 1 we have 1 / ∈ C and t < 1. Since F ⊂ C there is an m ∈ ω with σ m (t) = 0 and σ i (t) > 0 for 0 i < m. Thus t ∈ D i for 0 i m and σ i (t) = 1 for i > m. We may assume that t ∈ A. Then there exist an ε > 0 and a k ∈ ω such that U ⊂ A, where U is again given by the formula above. Note that
is continuous with respect to the euclidean topology so J = σ m ([t, t + δ] ) is an interval in I that contains 0. The interval J is nondegenerate because σ has only countable fibres. Let j ∈ N be such that
is free from points of F we must have that [t, t + δ] ⊂ A. If t = 0 then t is an interior point of A in I which contradicts t ∈ F . So we have that t > 0 and we can by the same argument as above find a δ > 0 such that [t − δ , t] ⊂ A. Then also t is an interior point of A in I which contradicts the fact t ∈ F . We may conclude that S is connected. 2
Let P stand for the zero-dimensional product space Z ω . For n ∈ ω, we define the continuous map h n : P → P by
The following facts are obvious. We define X = P × (0, 1] as a subspace of P × S. Let ψ 1 : P × [0, 1] → P and ψ 2 : P × [0, 1] → [0, 1] stand for the projections. We define a one-point connectification γ X of X as follows, γ X = X ∪ {(0, 0)} where X is an open subspace of γ X and basic neighborhoods of (0, 0) have the form {(0, 0)} ∪ (P × (U \ {0})) for U an arbitrary neighborhood of 0 in S. Clearly, γ X is separable metric, connected, and one-dimensional.
An important step is defining a function f : γ X → γ X by
Claim 4. f is a fixed point free continuous map with the property that
Proof. Since every h k is fixed point free it is clear that also f has no fixed points. If p ∈ P then
is a subset of the countable set {0} ∪ (p 1 , t 1 ), (p 2 , t 2 ) , . . . converges to a (p,
. . be a sequence in O so f (p i , t i ) = (h k(i) (p i ), σ (t i )). Assume first that the sequence converges to
). In conclusion, f is continuous at every point of γ X. 2 Theorem 1 follows immediately from the following result.
Claim 5. There is a totally disconnected subset
Proof. Let c be 2 ℵ 0 both as a cardinal and an ordinal number. Consider the collection F of all closed subsets F of X such that |ψ 1 (F )| = c. Enumerate the collection as follows F = {F α : α < c}. We construct by transfinite recursion subsets Y α of X such that for each α c we have,
Let α = 0. We put Y 0 = {f n (0, 0): n ∈ N} so hypotheses (3) and (4) 
